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Abstract 



We consider a rough differential equation indexed by a small parameter e > 0. When the 
rough differential equation is driven by fractional Brownian motion with Hurst parameter 
H (1/4 < H < 1/2), we prove the Laplace-type asymptotics for the solution as the 
>■ ' parameter e tends to zero. 



: 1 Introduction 
o . 

The rough path theory was invented by T. Lyons in and summarized in a book 
with Z. Qian. See also [211[T11[27]. Roughly speaking, a rough path is a path coupled with 
its iterated integrals. T. Lyons generalized the line integral of one-form along a path to 
the one along a rough path. This is a pathwise integral theory and no probability measure 
is involved. In a natural way, an ordinary differential equation (ODE) is generalized. This 
is called a rough differential equation (RDE) in this paper. The corresponding Ito map 
is not only everywhere defined, but is also locally Lipschitz continuous with respect to 
the topology of geometric rough path space (Lyons' continuity theorem). If a Wiener- 
like measure is given on the geometric rough path space, or, in other words, if Brownian 
rough path is mapped by the Ito map, then the solution of corresponding stochastic 
differential equation (SDK) of Stratonovich-type is recovered via rough paths. In order 
to investigate the Brownian motion, one only needs the double integral (i.e., the second 
level path) as well as the path itself (i.e., the first level path). In short, we can obtain the 
solution of an SDE as the image of a continuous map. This is basically impossible in the 
framework of the usual stochastic calculus. Recall that, in the usual stochastic calculus, 
stochastic integrals and SDKs are defined by the martingale integration theory, which is 
quite probabilistic by definition. Therefore, those objects have no pointwise meaning. 
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Brownian motion and Brownian rough path are most important and were studied 
extensively. There may be other stochastic processes (i.e., probabihty measures on the 
usual path space), however, which can be lifted to probability measures on the geometric 
rough path space. The most typical example is the (i- dimensional fractional Brownian 
motion (fBm) {w^)o<t<i = {w^'^ , ■ ■ ■ ,'w^''^)o<t<i with Hurst parameter H G (1/4,1/2] 
(see Coutin-Qian [9]). Recall that, when H = 1/2, it is the Brownian motion. It is worth 
noting that, ii H E (1/4,1/3], the third level path plays a role, unlike the Brownian 
motion case. The Schilder-type large deviation for the lift of scaled fBm was proved by 
Millet and Sanz-Sole [29]. Combined with Lyons' continuity theorem and the contraction 
principle, this fact implies that the solution of an RDE driven by the lift of scaled fBm 
also satisfies large deviation. 

According to [HI there are several types of path integrals along fBm, namely, (1) 
deterministic or pathwise integral (2) integral with generalized covariation, (3) the diver- 
gence operator in the sense of the Malliavin calculus, (4) White noise approach. Clearly, 
the rough path approach belongs to the first category. 

More precisely, we consider the following RDE; for e > 0, 

dYf = a{Y^')edWl^ + /3(e, F/)cit, = 0. (1.1) 

Here, is the fractional Brownian rough path (fBrp) i.e., the lift of fBm and 

a e C^°°(R",Mat(n,d)) and (3 e C^{[0,1] x R",R"). Note that C^^ denotes the set of 
bounded smooth functions with bounded derivatives. 

The main pupose of this paper is to prove the Laplace approximation for (the first 
level path of) as e \ 0. The precise statement is in Theorem 12. II below. Apparently, 
in none of (l)-(4), has the Laplace approximation been proved for the solution of SDK 
(or RDE) driven by the scaled fBm. Note that it is a precise asymptotics of the large 
deviation. In this paper, we will prove it in the framework of the rough path theory for 

(1/4, 1/2). 

The history of this kind of problem is long. A partial list could be as follows. First, 
Azencott [1] showed this kind of asymptotics for finite dimensional SDEs, which is followed 
by Ben Arous [6]. There are similar results for infinite dimensional SDEs (e.g., Albeverio- 
Rockle-Steblovskaya [3]) as well as SPDEs (e.g., Rovira-Tindel [3^). In the framework 
of the Malliavin calculus, there are deep results on the asymptotics of the generalized ex- 
pectation of generalized Wiener functionals (Takanobu-Watanabe [31], Kusuoka-Stroock 
[2T1[22], Kusuoka-Osajima [20]), which have applications to the asymptotics for the heat 
kernels on Riemannian manifolds. 

In the framework of the rough path theory, Aida studied this problem for finite di- 
mensional Brownian rough paths and gave a new proof for the results in [H [6] . The same 
problem for infinite dimensional Brownian rough paths was studied in [T6l [T8] , which has 
an application to Brownian motion over loop groups. 

The organization of this paper is as follows: In Section 2, we give a precise statement 
of our main result. In Section 3, we review the rough path theory and fractional Brownian 
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rough path. In Section 4, we prove the Hilbert-Schimdt property of the Hessian of the 
Ito map restricted on the Cameron-Martin space of fBm. For those who understand the 
proof of Laplace approximation for Brownian rough path as in |2l UHl [18], this is the most 
difficult part, because the Cameron-Martin space of fBm is not understood very well. 
However, thanks to Friz-Victoir's result (Proposition 13. 4p . such Cameron-Martin paths 
are Young integrable and therefore the Hessian is computable. In Section 5 we give a 
probabilistic representation of (the stocastic extension of) the Hessian. In Section 6 we 
give a proof of the main theorem. In Section 7 we consider the Laplace approximation 
for an RDE, which involves a fractional order terms of e > 0. This has an application to 
the short time asymptotics of integral quantities of the solution of a fixed RDE driven by 
fBm. (Similar problems were studied in [HI El]). In Appendix (1) we explain the "shift" 
and the "pairing" on the geometric rough path space, which is actually a well-known fact. 
(2) we show that fractional Brownian rough path is scale invariant as fBm is. This fact 
does not seem completely obvious since the definition of the lift of fBm is related to the 
dyadic partitions. Although one can easily guess it, we still need a proof. 

2 Assumption and Main Result 

In this section we state our main results in this paper. Throughout this paper, the 
time interval is [0,1] except otherwise stated. Let 1/4 < H < 1/2 and let l-i^ be the 
Cameron-Martin subspace of the d-dimensional fBm (w^)o<t<i. By Friz-Victoir's result, 
which will be explained in Proposition 13.41 below, k G is of finite g- variation for any 
[H + 1/2)^^ < q < 2. Hence, the following ODE makes sense in the g-variational setting 
in the sense of the Young integration; 

dyt = (j{yt)dkt + /3(0, yt)dt, = 0. 

Note that y is again of finite g- variation and we will write y = \E'(/c). 

Now we set the following assumptions. In short, we assume that there is only one 
point that attains minimum of F\ and the Hessian at the point is non-degenerate. These 
are typical assumptions for Laplace's method of this kind. The space of continuous paths 
in R" with finite p'- variation starting at is denoted by Cq "'"^'^(R"). Note that the self- 
adjoint operator A in the fourth assumption turns out to be Hilbert-Schmidt in Theorem 
O below. 

(HI): F and G are real- valued bounded continuous function on Cq~^"'^{IV^) for some 
p' > 1 /H. 

(H2): The function '■= F o -\- \\ ■ ||^h/2 attains its minimum at a unique point 
7 G H-^. We will write 0° = ^(7). 

(H3): F and G are n + 3 and n + 1 times Frechet differentiable on a neighborhood U{(f)^) 
of 0" G Cg ~'''*''(R"), respectively. Moreover, there are positive constants Mi, M2, . . . such 
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that 



\V^F{r,){z,...,z)\ < M,||^||^,__, (j = l,...,n + 3) 

|V^G(r^)(;^,...,^)| < M,||^||^,__, (j = l,...,n + l) 

hold for any r] G and z G C^'"''''"(R"). 

(H4): At the point 7 G the bounded self-adjoint operator A on which corre- 
sponds to the Hessian V^(-F o ^E')(7)|-h»x-h^) is strictly larger than — Id^H (in the form 
sense) . 

Under these assumptions, the following Laplace-type asymptotics holds. (Below, 
ye,! = {yey denotes the first level path of Y% 

Theorem 2.1 Let the coefficients a : R" ^ Mat(n, d) and /3 : [0, 1] x R" ^ R" k . 

Then, under Assumtions (HI) - (H4), we have the following asymptotic expansion as 
e \ 0; there are real constants c and ao, ai, . . . such that 

E[G{Y''^) exp{-F{Y''^)/e^)] 
= exp(-FA(7)/£^) exp(-c/e) ■ (oq + + ■ ■ ■ + + 0(£™+^)) 

for any m > 0. 

Remark 2.2 The only reason for the boundedness assumption for a and b is for safety. 
It is an important and difficult problem whether Lyons' continuity theorem holds for un- 
bounded coefficients under a mild growth condition. ( One of such attempts can be found in 
fT5^). If we have such an extension of the continuity theorem, then Theorem \2. 1\ could eas- 
ily be generalized because localization around 7 is crucially used in the proof (see Section 
below). 

3 A review of fractional Brownian rough paths 

In this section we recall that (i- dimensional fBm (w^)o<j<i with Hurst parameter H G 
(1/4, 1/2) can be lifted as a random variable on the geometric rough path space Gf2p(R ) 
for l/i7 < p < [l/H] + 1 (Coutin-Qian [9] or Section 4.5 of Lyons-Qian [28]). When 
i/ G (1/4, 1/3], not only the first and the second level paths, but also the third level paths 
play a role. 

3.1 Geometric rough paths, Lyons' continuity theorem and Tay- 
lor expansion of Ito maps 

In this subsection, we recall definitions of geometric rough paths, and a rough differential 
equation (RDE) and Lyons' continuity theorem for Ito map. We also review (stochastic) 
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Taylor expansion for Ito maps around a "nice" path, which was shown in [T7]. It plays a 
crucial role in the proof of the Laplace asymptotic expansion. Note that no probability 
measure is involved in this subsection. No new results are presented in this subsection. 

Before inroducing the rough path space, let us first introduce some path spaces in the 
usual sense and norms on them. Let V be a real Banach space. Throughout this paper, 
we assume dim V < oo and the time interval is [0, 1]. In almost all applications in later 
sections, either V = R*^ or V = Mat(n, d) (the space of n x d matrices). Let 

C = C([0, 1], V) = {A; : [0, 1] ^ V | continuous} 

be the space of V- valued continuous functions with the usual sup-norm. For < a < 1, 
let C"-''''^'- be the set oi k E C such that 



OL—hldr 



111 I I 

\ko\ + sup -j j — < oo. 



0<s<t<l 



t - s 



Similarly, for p > 1, is the set oik EC such that 

i/p 



p—var ) 



ko\ + (snp^ \kt^- kt^_^\P^ < oo. 



^ i=i 



where V runs over all the finite partition of [0, 1]. If p,q > 1 with 1/p + 1/q > 1 and 
k G C9-™'-(L(V, W)) and / G Cp-''"^(V) with /q = 0, then Young integral 



is well-defined. Here, L{V, W) is the set of linear maps from V to W and V = {s = 
tQ < ti < ■ ■ ■ < = t} is a partition of [s,t]. Moreover, t i-)- kudl^ G R" is of finite 
p-variation and \\ Jq kudlu\\p-var < co?7,st.||/c||q_„ar|K||p-mr- More precisely, if there is a 
control function u! such that \kt — ks\ < u{s,tY^'^, \lt — h] < uj{s,ty^P, then 



t 

kudlu - ks{lt -ls)\< const ■ a;(s, t)^/P+^/^. 



In particular, if / G ^^-^'^^(V) and k G C'?-™^(n;) with 1/p + 1/g > 1, then /; k^ ® dl^ is 
well-defined. 

Next we introduce the Besov space W^'^ for p > 1 and < 5 < 1. For a mesurable 
function : [0, 1] — )■ V, set 

kt - fcJP , \Vp 



m\w^^^ = m\L. + ( jj^^^^^ j^^^^dsdt) r (3.1) 

The Besov space W^'^ is the totality of fc's such that ||A;||vi/i,p < oo. When 1/p < 6, this 
Banach space is continuously imbedded in C and basically we only consider such a case. 
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The subspace of functions which start at (i.e., ko = 0) is denoted by Co, Cq ^ , etc. 
When we need to specify the range of functions, we write Cp-'''^^(V), IVo'^(V), etc. (The 
domain is always [0, 1] and, hence, is usually omitted.) 

Now we introduce the geometric rough path space. Let p > 1 for a while. (In later 
sections, however, only the case 2 < p < 4 will be considered.) Set A = {(s,t) | < s < 
t < 1}. The p- variation norm of a continuous map A form A to a real finite dimensional 
Banach space V is defined by 

Mllp-mr = (^SUp^ |A,_i,tJv) , 
i=l 

where V runs over all the finite partition of [0, 1]. A continuous map 

X = (1,X\X2,...,XW) : A ^ T^P\V) = R© V© V®^-- - © V®[P] 
is said to be a V-valued rough path of roughness p if it satisfies the following conditions; 

(a) : For any s < u < t, Xg^t = -^s,u ® Xu^t, where © denotes the tensor operation in 
the truncated tensor algebra T^^{V). In other words, X^^^ = J2i=o-^su ® -^m^* 

1 < J < [p]- This is called Chen's identity. 

(b) : For all 1 < j < [p], \\X^\p/j_.,ar < oo. 

We usually omit the 0th component 1 and simply write X = {X^, . . . , X^'^). The first level 
path of X is naturally regarded as an element in Cq~^°'^ (V) hj t Xq^. (We will abuse the 
notation to write X^ G Cq^''"^(V), for example.) The set of all the V-valued rough paths 
of roughness p is denoted by fip(V). With the distance dp{X, Y) = Ylfli 11-^'' II p/j-mr, 
it becomes a complete metric space. 

A V-valued finite variational path x G Co~^"''(V) is naturally lifted as an element of 
Qp(y) by the followiing iterated Stieltjes integral; 

Xit= / dxti ® dxt2 ® ■ ■ ■ ® dxty (3.2) 

J S<tl<-<tj<t 

We say X is the smooth rough path lying above x. It is well-known that the injection 
X I— )■ X G flp{V) is continuous with respect to the 1- variation norm. The space of 
geometric rough path ^^^(V) is the closure of Cq^^"'^{V) with respect to dp. Since V is 
separable, GflpiV) is a complete separable metric space. 

Let us recall some properties of g- variational path for 1 < g < 2. For the facts 
presented below, see Section 3.3.2 in Lyons-Qian [28] or Inahama [I7j for example. Since 
k G CQ~^"'^(y) is Young integrable with respect to itself, the iterated integral in (13.21) 
still well-defined and k can be lifted to an element K G GQp{V) if p > 2. This injection 
Cq~™^'(V) ^ Gfip(V) is continuous. 

For any m = 1, 2, . . . and any k G Co(V), the mth dyadic piecewise linear approxima- 
tion k{m) is defined by 

k{m)t = k^i_^)/2^ + T^{ki/2^ - k^i_^y2^){t -{I- l)/2™), if t G ^] . 
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If k is of g- variation (g > 1), then k{m) converges to in (g + e)-variation norm for any 
e > 0. It implies that, if p > 2 and k G Cq~^"''"{V) for 1 < g < 2, then K{m) converges to 
K in GQpiV). 

Suppose that if p > 2, 1 < g < 2, and 1/p + 1/q > 1, then the shift 

(X, k) e GQpiV) X C'^-'"'''(y) ^X + Ke GQpiV) 

is well-defined by Young integral and this map is continuous. Similarly, 

(X, k) G GQp{V) X Co'-™' (W) ^ (X, K) G GQp{V © W) 

is well-defined and continuous. See subsection 18.11 in Appendix below. 

Let V and W be two finite dimensional real Banach spaces and let a : W — L(y, W) 
with some regularity condition, which will be specified later. We consider the following 
differential equation in the rough path sense (rough differential equation or RDE); 

dYt = a{Yt)dXt, Yo = yoe W. (3.3) 

When there is a unique solution Y for given X, it is denoted hj Y = $(X) and the map 
$ : GQpiV) -> GQpiyV) is called the Ito map. 

The following is called Lyons' continuity theorem (or universal limit theorem) and is 
most important in the rough path theory. (See Section 6.3, Lyons-Qian p8]. For a proof 
of continuity when the coefficient a also varies, see Inahama for example.) 

Theorem 3.1 (i) Let p > 2 and assume that a G CP^\V,W). Then, for given 
X G GQpiy) and a initial value yo G W, there is a unique solution Y G GflpiW) of RDE 
( 15*. 3\) . Moreover, there is a constant Gm > for M > such that, if 

[p] H+i 
\yo\ < M, V \\X^y,_,ar <M, V sup II W(|/)|| < M, 

then, X^jii ||>^^||p/i-mr < Cm- 

(ii) Keep the same assumption as above. Assume that Xi ^ X in GQp{V) and — )■ yo 
inW as / — )■ cxD. Assume further that ai,a & C^''^'^^(V, W) satisfy that 

b]+i 

sup V sup ||VVi(y)|| < M 
i>i ~^ yew 

for some constant M > and 

lim V sup ||VVj(y) - VV(?/)|| = 

\y\w<N 

for each fixed N > 0. Then, Yi ^ Y in GQp{W), where Yi is the solution of RDE Ii3.3\) 
corresponding to {Xi,yQ,ai). 
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In this paper, we consider the following RDE indexed by small parameter e > 0. Let 
a e Cb°°(R", Mat(n, d)) and /3 G C^{[0, 1] x R", R"). For fixed e G [0, 1], consider 

dF/ = a{Yt')edXt + I3{e, Yt')dt, Y^' = 0. (3.4) 

(This is the same RDE as in dLl]) ). If we define as : R", Mat(ra, + 1) by 

ae{y)x' = a{y)x + h{e, y)xd+i, x' = (x, xa+i) G R'^ © R, 

Then, Y^ = l',(eX,A). Here, A* = t and ■ G'fip(R'^+i) GQpilV) is Ito map which 
corresponds to a^- Note that cXg converges to a^/ in the sense of Theorem 13. II (ii) as e — )■ e'. 

Now we consider the (stochastic) Taylor expansion around 7 G Cg~^"''(R'^) with l/p + 
l/q > 1. Consider ^^(eX + 7, A), or equivalently the solution of the following RDE; 

rfy/ = (T(Yt'){edXt + d-it) + /3(£, F/)rft, = 0. (3.5) 

We will write 0^^^ = {Y^Y (the first level path). Note that $0(7, A) is lying above 
00 = ^(7) G Co'"'"'"(R") which is defined by 

dctP, = a{^^,)djt + m (P^,)dt, 0° = 0. (3.6) 

In the following theorem, we consider the asymptotic expansion of (f)^^^ — 0°. By 
formally operating {m\)~^ {d / de)"^\i;=o the both sides of (13.51) . we get an RDE for the mth 
term 0™ (see [TTj for detail). Note that 0'" depends on X, 7 (although 7 is basically fixed 
in this paper), but independent of e. (The superscript m does not denote the level of the 
path 0'". Here we only consider the usual paths or the first level paths.) 

In what follows, we will use the following notation; for a geometric rough path X of 
roughness p, 

^(X) = ||X^||p_^„a,. + ||X^||p^2_^a^ H h ||^'^^||J/[p]_^a^- (3.7) 

Theorem 3.2 Let p > 2, 1 < g < 2 with l/p+ l/q > 1 and let the notations be as above. 
Then, for any m = 1,2, . . ., we have the following expansion; 

0(^) = 00 ^ + . . . + £"^0™ + R^+\ 

The maps (X,7) G G^]p(R'^) x C^^"""^ {R'^) ^ 0^ G C^"^""(R") are continuous 

{0 < k < m). Moreover, the following estimates (a), (b) hold; 

(a) For any ri > 0, there exists Ci > which depends only on ri such that, if ||7||g-mr < 
ri, then \\(j)''\\p.^ar < Ci(l + ^(X))'= holds. 

(b) For any r2,r^ > 0, there exists C2 > which depends only on r2,r^ such that, if 
h\U-var < r2 and ^{eX) < r-,, then \\R^+%_,ar < ^2(5 + ^{eX)r+^ holds. 
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3.2 Fractional Brownian rough paths 

First we introduce fractional Brownian motion [iBm for short) of Hurst parameter H. 
There are several books and surveys on fBm (see [3, El ED], for example). In this paper 
we only consider the case 1/A < H < 1/2. A real- valued continuous stochastic process 
{w^)t>Q starting at is said to a fBm of Hurst parameter H if it is a centered Gaussian 
process with 

E[<^f ] = \[t''' + s'^ - \t - {s,t > 0) 

This process has stationary increments IE[(w^ — w^y] = |t — sp'^ {s,t > 0), and self- 
similarity, i.e., for any c > 0, {c~^w^^)t>o and {w^)t>o have the same law. Note that 

1/2 ~ ~ 

)t>o is the standard Brownian motion. For d > 1, a (i-dimensional fBm is defined by 
{wf'^, . . . , wj^''^)t>o, where w^'^ {i = 1, . . . ,d) are independent one-dimensional fBm's. Its 
law /i^ is a probability measure on Co(R'^). (Actually, it is a measure on Cq~^"'^(R'^) for 
p > 1/H, or on C^-''^'^'^{R'^) for a < H ). 
Let be the Volterra kernel given by 

^ ' ' T{H + 1/2) ^ 2' 2 ' 2' t' ^ 

Here, F denotes the Gauss hypergeometric function. For a rf- dimensional standard Brow- 
nian motion {bt)t>o, the process 

ft 



Jo 



becomes a d-dimensional fBm with Hurst parameter H (see Decreusefond-Ustsunel p!0]). 

Let H G (1/4, 1/2). The existence of fractional Brownian rough path (fBRP for short) 
was shown by Coutin-Qian [9] as an almost sure limit of W^{m) as m — )■ oo, where 
W^{m) is the smooth rough path lying above w^{m) G Co^^"^(R'^). More precisely, they 
proved 

oo 

+ - ^''{^yWv/j-var] < OO (1 < J < [p]). 

m=l 

In particular, W^{m) converges to in L^-sense, too. When l/3<if< 1/2, [p] =2 
and when 1/4 < if < 1/3, [p] = 3. 

Now we prove a theorem of Fernique-type for fBRP for later use. Essentially the same 
theorem is shown in [12] , but with respect to a different norm. Therefore, we give a proof 
here for readers' convenience by using a useful estimate in Millet and Sanz-Sole [29]. (The 
case = 1/2 is shown in [16], for example.) 
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Proposition 3.3 Let 1/4 < H < 1/2 and be a d- dimensional fBRP as above. 
(1). Then, there exists a positive constant c such that 



E[exp(ce(iy^)')] 



exp(c^(X)^)P-^(rfX) < oo, 



Gf7p(R<*) 



where ^ is given in 1^3. ?| j and denotes the law ofW^. 

(2). For anyr>0 and 1<J < [p], lim,^^^E[\\W'' [mY - l^^'^H 



Proof. In this proof, Ci, C2, . . . are positive constants wliicli may change from line to line. 
For a rough path X of roughness p and 7 > p — 1, set 



00 



n=l 



j/p 



(Z-l)/2",i/2" I / ' 



p/i\ 



;i<j<[p])- 



When y = 0, we write Djp{X) = Djp{X,Y) for simphcity. From Section 4.1 in Lyons- 
Qian [28], the following estimates hold; 

\\X'-YX-.ar < C,D,^p{X,Yr 



IP 

\^ - y \\p/2~var ^ Ci 



|jl^3 _ y3||P/3 



p/Z—var 



Yf/' + D^,p{X, YY'\Dr,p{XY + Dr,p{YYf'^ 
< ci [D3,p(X, YY'^ + D2,p{X, YY'\D,,p{XY + 

YY'\D,,p{XY + 



Proposition 2 in [29] states that, there is a sequence {flm} of positive numbers con- 
verging to such that, for any r > p, 

holds. For simplicity, set Fm = Dj^p(W^ {m),W^Y^^ . Then, from the above inequality, 

P(Ar < F„) < N-^E[F^] < c^a^ 
for = 4, 5, . . .. Therefore, 



E[e' 



< ^ e"(^+i¥(A^ < < + 1) 

00 

< (e^ + ■ ■ ■ + c^^) + e^^ ^ e^^P(iV < F„) 

Af=4 
00 

< (e^ + • • • + c^^^) + e''Y^ exp [Ar(c + log C2 - log a„)] . 



Af=4 
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For given c > 0, there exists mo such that m > mo imphes c + logC2 — loga^ < 0. Thus, 
we obtain 

sup E[e"^'"] < sup E[exp{cDj^p{W^{m),W^)'^/^)] < oo. 

m>mo m>mo 

On the other hand, it is easy to see that, for each fixed mo, there is a constant c'(mo) > 
such that Dj^p{W^ {mo)Y/^ < c'(mo)||w^||oo- Hence, the usual Fernique theorem for 
Guassian measures apphes and Dj^p{W^ {mQ)y/^ is square exponentially integrable. Using 
fl3.8p and the triangle inequality for -Dj,p, we prove (1). In a simlar way, we see that 

supE[D,-,(iy^(m))'-] < oo, supE[||iy^(m)i^/,__,] < oo. 

m>l m>l 

This implies (2). I 

Let us introduce Cameron-Martin subspace Ti^ of fBm. (i.e., k G Co(R'^) is an 
element of if and only if /i^ and ■ + k) are mutually absolutely continuous.) For 
heL^ = L2([0,1],R'^), set 

kt= K^{t,s)hjs. 
Jo 

It is known that k ■.= Uh E and the map h ^ k = Uh is unitary from to . 

When H = 1/2, it is easy to see k E 'H}^^ is of finite 1- variation. But, when H G 
(1/4,1,2), does k G have a similar nice property in terms of variation norm? The 
following theorem answers this question. As a result, l-L^ is continuously (and compactly) 
embedded in GVtp{Bf-) for p>2. 

Proposition 3.4 (Friz-Victior [T3f) 

(i) Let < 6 < 1 and p > 1 such that a = 6 — 1/p > and set q = 1/6. Then, we have a 
continuous embedding 

More precisely, for h G W^'^, 

^is,t) = ii/iir^.„.[,,,](t - sr, o<s<t<i 

becomes a control function in the sense of Lyons- Qian f2^ . p. 16, and h is controlled by 
a constant multiple of u (i.e., \ht — kg] < const x uj{s,ty^'^). 

(ii) Let the Hurst parameter H G (0, 1/2). If 1/2 < 6 < H + 1/2, then d W^^'^ 
(compact embedding). Therefore, for any a G (0, H) and q G {{H + 1/2)^-*^, 2), 

We give a theorem of Cameron-Martin type for fBRP . (For BRP, see [16] for 
example.) Let 1/4 < H < 1/2 and 1/H < p < [l/H] + 1. Then, fBRP exists on 
Gnp(R'^) and its law is a probability measure on Gnp(R'^). By Proposition IMI there 
exists 1 < g < 2 such that (s C^'""'^ C GQp{R'^) and 1/p + 1/q > 1. Hence, the shift 
X X + K for k E is well-defined in GQp(R'^), where K is the lift of k as usual. 
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Proposition 3.5 Let e > and let Pf be the law of eW^ . Then, for any k E , 
and P^( ■ + K) are mutually absolutely continuous and, for any bounded Borel function 
f on GQpiR'^), 

[ f{X + K)F^{dX)= [ /(X)exp(l(fc,Xi)--L||A;||^,)pf(rfX). 

Here, {k,X^) is the measurable linear functional associated with k G = (Ti^)* for the 
fBm t (-)■ Xq^ (i.e., the element of the first Wiener chaos of the fBm X^ associated with 
k). 



Proof. Since W^{m) — )■ in Gf2p(R'^) and k{m) — )■ A; in g- variation norm as m — )■ oo, 
respectively, + K = lim.m^oo[W^ (m) + K{m)]. On the other hand, W^{m) + K{m) 
is the lift of w^{m) + k{m) = {w^ + k){m). Hence, the problem reduces to the usual 
Cameron-Martin theorem for fBm . I 



In the end of this subsection we give a Schilder-type large deviation principle for the 
law of eW^ as £ \ 0. This was shown by Millet and Sanz-Sole |29] (and by Friz-Victoir 

mm)- 

Proposition 3.6 Let Pf be the law of eW^ as above (1/4 < i7 < 1/2). Then, as e \ 0, 
{P|^}£>o satisfies a large deviation principle with a good rate function I , which is given by 

I{X) l^\\^\\n" (if X is lying above k E ), 
loo (otherwise). 

4 Hilbert-Schmidt property of Hessian 

In this section we consider the Ito map restricted on the Cameron-Martin space T-L^ of 
the fBm with Hurst parameter H G (1/4, 1/2) and prove that its Hessian is symmetric 
Hilbert-Schmidt bilinear form. 

Throughout this section we set /3o(2/) = /3(0,?/) for simplicity. Consider the following 
RDE; 

dYt = a{Yt)dXt + /3o{Yt)dt, Yo = 0. (4.1) 

The Ito map X G GQp{R'^) ^ <i>o(^,A) = Y e G'^]p(R") restricted on the Cameron- 
Martin space of fBm is denoted by vp, i.e., "^{k) = ^o{K, A) for k G . Here, K is 
a geometric rough path lying above k and Xt = t. (Since k is of finite g-variation for some 
g < 2, as we will see below, this is well-defined. Regularity of G "H^ in p- variational 
setting is studied by Friz-Victoir [T3] . Fortunately, h is of finite g-variation for some g < 2 
and, hence, the Young integral is possible.) 

The aim of this section is to prove the following therem. Let F and p' be as in 
Assumption (HI). 
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Theorem 4.1 V^(-F o \l/)(7)( ■ , ■ ) is a symmetric Hilbert- Schmidt bilinear form on Ti^ 
for any 7 G Ti^ . 

Note that 

V2(FoxI/)(7)(/,A;) = VF(vl>(7))(v2vl>(7)(/,fc)) 

+V2F(vI/(7))(VvI/(7)(/),Vv&(7)(A:)>. 

ODEs for V^(7)(A;) and V^'^{-f){f, k) will be given in g3])-g3]) below. 

Now we set conditions on parameters. First we have the Hurst parameter H G 
(1/4, 1/2). Then, we can choose p and q = such that 

1 1 1 31 111 111,, 

-V 7-7771 < - < H, -<-<H+-, - + ->1, >- (4.2) 

p' [1/H] + 1 p '4g 2' p q ' q p 2 ^ ^ 

For example, 1/p = H — 2e and 1/q = H + 1/2 — e for sufficiently small e > satisfy 
(53). Indeed, 

11 .1. Ill 

- + - = l + 2{H--)-3e, = - + e. 

p q 4 q p 2 

For this p and q = 6^^, the fBm with the Hurst parameter H can be lifted to Gflp(IV^) 
and its Cameron-Martin space satisfies Proposition 13.41 above. In particular, the 
Young integral of G with respect to itself is possible since q < 2. The shift and the 
pairing of X G Gf2p(R°') by A; G can be defined since 1/p + 1/q > 1. In what follows 
we always assume (14. 2p . 

The Banach space W^'P is defined by (jSIH). In Adams P, its original definition is given 
by a kind of real interpolation (precisely, the trace space of J. L. Lions, see paragraph 7.35, 
[Ij) of W^'P and W^'^ = U . Those are equivalent Banach spaces (paragraph 7.48, [1]). 
On the other hand, L^'^ is defined by the complex interpolation of (the complexification 
of ) W^^P and W^^p = Lp, i.e., L^'P = [W^'P, Lp]i_s. If p = 2, L^'^ and (the complexification 
of ) W^'"^ are equivalent Hilbert spaces (not unitarily equivalent, see paragraph 7.59, [Ij). 
As a result , L^'^^^ and W^''^ are equivalent real Hilbert spaces, where L^'^^^ is the subspace 
of R'^- valued functions in L^'"^. 

S 2 

Theorem 4.2 The following functions of t E [0,1] form an orthonormal basis of L^^^^ 
andofL^'^ = L^;li®C. 

y/2 

{1- Gi I 1 <i <d}U {- -rrp; cos{mTt)ei \ n > 1,1 < i < d} 

(1 + n^)°/^ 



Here, {ei, . . . , e^} is the canonical orthonormal basis o/R' 



d 
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Proof. It is sufficient to prove the case d = 1. Note that 

oo oo 

ly^'^ = {/ = Co + J^c„A/2cos(n7rt) I c„ G C, ^(1 + n2)|c„p < 00} 

n=l n=0 

and = Er=o(l + ^')|cnp. Similarly, 

00 00 
= {/ = Co + c„-\/2 cos(ri7rt) | c„ G C, |c„p < 00} 

n=l n=0 

and 11/11^2 = ^^0 Therefore, W^^'^ and are unitarily isometric to 4^'' and 

4°'' = ^2, respectively, where 

00 

4') = {c = (c„)n=o,i,2,... e C°° I ||c|||.) = 5^(1 + ny\c^\'}, [SeR), 

n=0 

Thus, the problem is reduced to the complex interpolation of two Hilbert spaces of se- 
quences. A simple calculation shows that [4^''!^2]i-5 = 4"^^- This implies 

00 00 
-^^'^ = {/ = Co + ^ c„y2 cos(n7rx) | c„ G C, ^(1 + n^)'^|c„p < 00} 

n=l n=0 

with 11/11^5,2 = J2'^=oi^ + n'^YlCnl'^, which ends the proof. I 

We compute p-variation norm of cosine functions. The following lemma is taken 
from Nate Eldredge's unpublished manuscripts [11]. Before stating it, we introduce some 
definitions. Let x be a one-dimensional continuous path with xo = 0. We say that s G [0, 1] 
is a forward maximum (or forward minimum) if Xs = maxx|[s_i] (or Xs = minx|[s^i], 
respectively). Suppose x is piecewise monotone with local extrema {0 = sq < si < S2 < 
■ ■ ■ < Sn = 1}. (For simplicity, we assume so, S2, . . . are local minima and si, S3, . . . are 
local maxima. The reverse case is easily dealt with by just replacing x with —x.) If 
S2, S4, . . . are not only local minima but also forward minima, and Si, S3, . . . are not only 
local maxima but also forward maxima, then we say x is jog-free. (Note that xq is not 
required to be a forward extremum.) 

Proposition 4.3 Let p > 1. (i) If a one- dimensional continuous path x with xq = is 
jog-free with extrema {0 = sq < si < S2 < ■ ■ ■ < s„ = 1}, then 




i=l 



(ii) In particular, p-variation norm of Cn{t) = cos{mrt) — 1 is given by \\cn\\p-var = 2n^^P. 
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Proof, (ii) is immediate from (i). We show (i). For a contiunous path y and a partition 

V = {0 = to < h < t2 < ■ ■ ■ < = 1}, we set Vp^v) = {Eti Ivu " Vu-A")'^''- Then, 
||?/||p-var = supp l^^-p(?/). First, note that, if y is monotone increasing (or decreasing) on 
then it is easy to see that ^,p\{ti}(y) > Vp^p{y). In other words, intermediate 
points in monotone intervals should not be included. 

Let X be jog-free with extrema Q = {0 = sq < si < S2 < ■ ■ ■ < s„ = 1} as in 
the statement of (i) and let P = {0 = to < < < ■ ■ ■ < i^n = 1} be a partition 
which does not include all the Sj's. We will show below that there exists an sj such that 

Let Sj be the first exteremum not contained in V. (For simplicity we assume it 
is local and forward maximum.) Let ti be the last element of V less than Sj. Then, 
Sj-i <ti< Sj < tj+i. Since x is increasing on [sj_i, Sj] and Xs^ is forward maximum, 

which yields that \xsj - Xt^^ + \xs^ - Xt,^^ ^ > \^u^x - ^uT ■ Therefore, 14),pu{s,}(a;) > 

Vp;p{x). 

For any e > 0, there exists V such that Vp^pix) > \\x\\p^yar — First by adding all 
the Sj's, then by removing all the intermediate points (i.e., tj's which are not one of Sj's), 
we get Vp^Q^x) > \\x\\p-var — £■ Letting e \ 0, we complete the proof of (i). I 

Now we calculate the Hessian of which is defined in (14. ip . For q < 2, ODE like 
(14. ip is well-defined in g-variation sense, thanks to the Young integral. The continuity 
of ^ is well-known. Smoothness of the Ito map in q{< 2)-variation setting is studied in 
Li-Lyons [25]. The explicit form of the derivatives are obtained in a similar way to the 
case of (stochastic) Taylor expansion. 

Let q G [1,2) for a while and fix 7 G Cq^^"'^ . Then 0° = ^^(7) is also of finite 
g- variation, which takes values in R". Set 

dQt = Va(0°)( ■ , djt) + V/3o(0?)( ■ )dt. 

Then, Q is an End(R"')-valued path of finite g-variation. Next, consider the following 
End(R")-valued ODE in g-variation sense; 

dMt = dnt ■ Mt, Mo = Idn. 

Its inverse satisfies a similar ODE; 

dM-^ = -M-^ ■ dVtt, Mq-^ = Id„. 

Although the coefficients of these ODEs are not bounded, thanks to their special forms, 
a unique solution exists and the Ito map in the g-variational setting is locally Lipschitz 
continuous. More precisely, if 7 is controlled by a control function cj, then M and 
are controlled by a constant multiple of a), where Cj{s, t) = co{s, t) + (t — s). 
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Set x{k) = (V\1/)(7)(A;) for simplicity, which a continuous path of finite g- variation, 
again. Then, it satisfies an R"-valued ODE; 

dxt - V(T(0°)(xt, d^t) - VI3o{<ft){xt)dt = a{4>'l)dkt, xo = 0. (4.3) 
From this, we can obtain an exphcit expression as follows; 

X{k)t = {V^){l){k)t = Mt f M;'a{<p',)dks. (4.4) 

Jo 

In a similar way, ipt = V^\E'(7)(/c, k)t satisfies the following ODE; 
#t - Va(0O)(^i, d7t) - V/3o{^',){iJt)dt = Va(0O)(x(fc)t, dh) 

+^VV(0?)(x(A;)„x(A:)i,rf7*) + lv'f3o{<P',){x{khx{k)t)dt, V^o = 0. (4.5) 

From this and by polarization, we see that 

2V2^(7)(/,fc), 

= mJ M7^{Va(0°)(x(/).,rfA;,) + Va(0°)(x(A;).,O} 
Jo 

+M, J' M;'{V'a{<p'i){x{f)s,x{k)s,d^,) + V'Po{<P',){x{f)s,x{k)s)ds} 
= ■.V,{f,k)t + V2{f,k)t. (4.6) 
It is obvious that 

{f,k) G Co^-''"''(R'') X Co^-''""(R'^) ^ V'^(7)(/,A;) G Cy''{K') 
is a symmetric bounded bilinear functional. 

Lemma 4.4 Let 1/A < H < 1/2 and choose p and q as in ^4-2^ Then, for any hounded 
linear functional a G Co~^"'"(R")*, the symmetric hounded hilinear form aoV2{ ■ , ■) on the 
Cameron-Martin space Ti^ is of trace class. In particular, ifp' > p, VF{(f)^)oV2 is of trace 
class for a Frechet differentiahle function F : Cq ~''°^(R") — )■ R. Moreover, a o V2 extends 
to a hounded hilinear form on Cq~^"'^ {Rf") . A similar fact holds for V^-F(0°)(x( ■ )? x( ' ))? 
too. 

Proof. Since t H- Mt and t t— )■ M^^a{(j)^f.) are of finite g-variation, the map h 1— )■ x(^) 
extends to a bounded linear map from Co~'"^^(R'^) to Co~^"'^(R"), thanks to the Young 
integral. By using the Young integral again, we see that {h^k) 1— )■ V2{h,k) extends to a 
bounded bilinear map from C^™''(R'^) x C^''"^(R'^) to Cy''{W) C Co(R''). 

On the other hand, /i^ (the law of the fBm with the Hurst parameter H) is supported 
in Cq~^°'^ (RJ^) . In other words, {X ,T-L^ , is an abstract Wiener space, where X is the 
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closure of with respect to the p-variation norm. (The author does not know whether 
X = C^^^^R^), nor whether C^"'^'^(R'^) is separable.) 

Therefore, a o V2 is a bounded bilinear form on an abstract Wiener space. By Good- 
man's theorem (Theorem 4.6, Kuo [19]), its restriction on the Cameron-Matin space is of 
trace class. I 

Now we compute Vi. 

Lemma 4.5 Let 1/4 < H < 1/2 and choose p and q as in ^.S^ Then, for any bounded 
linear functional a G Co~™^(R")*, the symmetric bounded bilinear form a o Vi{ - , ■ ) on 
the Cameron- Martin space is Hilbert-Schimidt. In particular, if p' > p, V-F(0°) o Vi 
is Hilbert-Schimidt for a Frechet differentiable function F : Cq ~^"'"(R") — t- R. Moreover, 
if ai is weak* convergent to a as I 00 in Cq~^"^(R")*, then ai o Vi converges to a oVi 
as I ^ 00 in the Hilbert-Schimidt norm. 

The rest of this section is devoted to proving this lemma. An integration by parts 
yields that 

V2{f, k) = R,{f, k) + R,{k, f) - {R2{f, k) + i?2(A;, /)) 

where 

RiU,k)t = Mt f M;'Vai<P^){ai<p',)fs,dks), 
Jo 

R2{f,k)t = mJ M7Va(0°)(M, rf/[M-V(0°)]/„,rffc,). 
Jo Jo 

Lemma 4.6 Let R2 be as above and a G Cg~'"*''(R")*. Then, as a bilinear form on Ti^ , 
aoi?2 is of trace class. Moreover, if ai is weak* convergent to a as I ^ 00 in Cq~''"''(R")*, 
then ai o R2 converges to a o R2 as /-> 00 in the Hilbert-Schimidt norm. 



Proof. We use the Young integral. Since u 1— )■ ^o"(0m) finite g-variation, we see 
that 

II / rf[M-V(0°)]/J|,„,,, <Ci||M.-V(0°)||, 

—var II y lip— Dar <C2||/|| p—var- 

Jo 

Similarly, since s ^ M-^Va{4P^), M, are of finite g-variation, 

||M. / M7iVa(0°)(M, rrf[M-V(0°)]/„,rfA;,)||„, <C3||/||„.||A;||„,. (4.7) 
Jo Jo 

Thus, (/, /c) ^ R2{h,k) is a bounded bilinear map from Co~^"'^(R"') x Co"^"'(R'^) to 
Cq~""'^(R") C Co(R"). In particular, a o i?2 is a bounded bilinear form on Cq^™'^(R"). 
Again by Goodman's theorem (Theorem 4.6, [I9j), its restriction on the Cameron-Matin 
space is of trace class. 
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Now we prove the convergence. Note that (14.71) still holds even when / or do not 
start at 0. Consider the following continuous inclusions (See Proposition 13.41 Below, all 
the function space are R'^- valued); 



where 5 = 1/q and = denotes isomorphism (but not unitary) of Hilbert spaces. Let 
us first consider R2\^s.2 ^j&a . We will show that, for an ONB {/A;}fc=i,2,... of i^^g^;, it 

real real 

holds that J2Tj=i W^'^ifky fj)\\f,-var < As in Theorem 14.21 we set fo,i{t) = 1 • and 
/m,i(t) = (1 + m2)-'5/2y2cos(m7rt)ei (m = 1,2,...). By Proposition SSI 

||/^.||p-.a. < (1 + m')-'/'V2{l + < cf-^'^ 

\1 + m 

for some constant c > 0. From this and (14. 7p . 



^ ^ ^ ^ ||-R2(/m,j; /m',j') llp-?;ar — ^ ^ ^ ^ ^ II || p_t,ar II II p-t;ar 
;,i'=l m,m'=0 i,i'=l m,m'=0 

OO ^ „ , 1 1 N OO r,/ 1 1 N 

< cV(-J-)^'^-'=V(-J-^)''^-^'<oo, 



m=0 m'=0 



because 1/g — 1/p > 1/2. Here, the constant c > may change from line to line. 

By the Banach-Steinhaus theorem, \\ai — a\\cp-var,* < c for some constant c > 0. 
Hence, 



[ai — a) O R2{fm,i, /m',i')P < ll'^i ~ a II C* II -^2 (/m,i, /m',j')llc' ^ || -^2 (/m,j , /m',i' 



I' 

I p— liar 



By the dominated convergence theorem, \\ak o R2 — ao R2\\„^_rS.2 — )• as /c — )■ 00. (The 



real 



norm denotes the Hilbert-Schmidt norm.) This implies that 

lla; o R2- ao R2\\hs-hh < lklloplk*||op||a« o R2 ~ a o i^allns-L^-^ ~^ 

real 



as / — )• 00, where l : Ti^ ^ L^reai denotes the inclusion. I 



Lemma 4.7 Let Ri he as above and a G Cq^™'"(R"')*. Then, as a bilinear form on 
, a o Ri is Hilbert-Schmidt. Moreover, if ai is weak* convergent to a as I ^ 00 in 
Cq'^""^ (RP)* , then ai o Ri converges to ao R^ as I ^ 00 in the Hilbert- Schimidt norm. 

Proof. The proof is similar to the one for Lemma 14. 6[ It is sufficient to show that 

d 00 



\\Rl{fm,^,fn.',^')\\l-,ar<00. (4.^ 



i,i'=l m,m'=0 
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In this proof, c > is a constant which may change from hne to hne. 
It is easy to see that, if m 7^ m', 

cos(m7rt)(i[A/2 cos(m'7rt)] = — 2m'7r cos(m7rt) sin(m'7rt)(it 

= — m'7r{sin((m' + m)7rt) + sin((m' — m)'Kt)}dt 
, rCOs((m' + m)7rt) cos((m' — m)7ri(:)-| 
m' + m m — m 

and that, if m = m', -\/2 cos(m7rt)(i[A/2 cos(m7rt)] = (i[cos(2m7rt)]/2. 
In the following, fix i, i' . First, we consider the case m = m'. 

Mt [ M7Va(0°)(a(0°)e„e,,) ci[cos(2m7rs)]. 



(1 + m2)i/9 



By the Young integral and Proposition 14. 3[ we see that 



\\Rl{U,i, fm,i')\\l-^ar < ^ ^2y/q H COs(2m7r ■ ) " 1 fp^yar 



(1 + m2)2/9 - (1 + m)4/9-2/p' 
Since 4/g - 2/p > 1, 

oo 

J2\\Mfm„fm,')\\l-.ar<00. (4.9) 
m=0 

Next we consider the case m ^ m' . 

Rl {fm,i, fm',i')t 

, ^ /"* ^ i„ , ,nx , / ,nx s cosfmvrs) ,r\/2cos(m' its)-, 
= M, M.-Va(^;)(.(^;)e..e„)V2 ^^ + (l + ,„-^)V^. 1 

m' 



(1 + m2)l/29(l + ^/2)l/2q(^^/ ^ ^) 

xMj /" M7V(T(</.°)((T(0°)ei,ei,)d[cos((m' + m)7rs)] 



m' 



(1 + m2)V2g(l + ^/2)l/2q(^^/ _ ^) 

xMt /" M7V(T(0°)((T(0°)ei,ei,)d[cos((m'-m)7rs)] 
=: (m, m)t + ("^, "^')t- 
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By using the estimate for the Young integral again, we see that 



cm' 



12 



< 



< 
< 



cm! 


m' + m 


2/p 


(1 +m2)V?(i + m'2)V9 


m' + m 


2 



c (m' + m 


) — m 


2(l-l/g) 


(1 + 


m|)2/9 


m' + m 


2(l-l/p) 



c 



(1 + |m|)2/9(l + |m' + m|)2(i/g-i/p) 

c 

^(1 + |m|)4(V<?-l/2)(l + |^' + ^|)2(l-l/p) 



It is easy to see that 2/g > 1 and 2(1 - > 1 hold. From fl4.2p . 2(l/g - > 1 and 
4(l/g — 1/2) > 1. (The condition l/g>3/4is used here.) Therefore, 

^ ] 11-^1 /m,j') llp-i'ar 

0<m,m'<cxD,m7^m' 

< C 



(1 + |m|)2/9(l + |m' + m|)2(V9-i/p) 



(1 + |m|)4(V9-i/2)(i + 1^/ + m|)2(i-i/p) 

5^ (1 + imn^/X^Z (T 



1 



(1 + \m\fli V ^ (1 + |m' + m|)2(i/'?-i/p) 



+^ 5Z (1 + |^|)4{i/,-i/2) ( 5Z (1 + |m' + m|)2(i-i/p) ) < ^^-^^^ 



mGZ ^ 11/ m'GZ 

In the same way as above 



(/-.,/-y)il?-.a.<00. (4.11) 

0<m,m' <oo, m^m' 



From (14. 9p . (14.101) . and (14. lip , we have ( 14. 8p . which competes the proof. I 



5 A probabilistic representation of Hessian 

Throughout this section we assume ( 14. 2p . Let Co = Co([0, 1], R*^) be the continuous path 
space starting at the origin and let [i be the Wiener measure. We regard = L2([0, 1], R"^) 
as the tangent space of Cg. (For example, Nualart's book [32j is written in this style. 
However, in most of the literature on the Malliavin Calculus, the tangent space is the 
Cameron-Martin space {fc G Co | fc' is in L2}.) We define (/i, 6) = ^^^htdht for h e L^, 
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where (6t)o<t<i is the canonical reahzation of the Brownian motion. For cyhnder function 
F{b) = f{{hi,b),..., {hm,b)), where / : R™ — )■ R is a bounded smooth function with 
bounded derivatives, we set 

m 

and 

m 

DF{b) = Y,d,f{{h,b),...,{hm,b))h^. 

i=i 

Note that DF is an = ^^([0, 1] , R'^)-valued function. 

Let (&f)o<t<i be as above and set 



= [ K"{t,s)dbs. 
Jo 



Then, (wt^)o<t<i is a d- dimensional Brownian motion. Here, is the Volterra kernel 
(see [ini El El ED]). Similarly, for h e L"^ = L'^{[0, 1], R'^), set 



t 

H 



K" (t, s)hsds. 

It is known that k := Uh & Ti^ and the map h k = Uh is unitary from to . For 
simplicity we also write = Ub. By closability of the derivative Z), 

DhW^ = [ K''{t,s)hJs = kt = {Uh)t. 
Jo 

Let C„(/i) and CnifJ'^) {n = 0,1,2,...) be the nth Wiener chaos of b and , re- 
spectively. It is well-known that C„(/i) are mutually orthogonal and L'^{fi) = ®'^=oCn{fi) ■ 
Similar facts hold for Cnifi^), too. The map U induces a unitary isometry C„(/i) = 
Cn{fJ^^) for all n. The second Wiener chaos C2(/i) is unitarily isometric with the space 
of symmetric Hilbert-Schmidt operators (or symmetric Hilbert-Schmidt bilinear forms) 
L2([0, 1], R*^) ^sym ^^([0, 1], R'^) in a natural way. 

Lemma 5.1 Let V\ he as in ( [^.g| ) and consider Vi{w^ {'m),w^ {'m))t, where w^{m) de- 
notes the mth dyadic polygonal approximation of . Then, for h,h E L"^ , 

]^DhVi{w''{m),w''{m))t = Vi{k{m),w'' {m))t, 

^Df^DhVi{w''{m),w''{m))t = Vi{k{m),k{m))t. 

Here, k = Uh,k = Uh E Ti^ . Moreover, as m ^ oo, the right hand sides of the above 
equations converge to 

Vi{k,w^)t and Vi{k,k)t 
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almost surely and in L'^{^). (Note that the above quantities are well-defined since 
is of finite p-variation and k, k is of finite q-variation with l/p+ 1/q > 1. Since, k,k 
are of finite {q — e)-variation for sufficinetly small e > 0, k{m), k{m) converge to k, k in 
q-variation norm, respectively.) 

Proof On [(/ - l)/2"^,Z/2™], dw^{m)t = 2"(w;^2- - W(i-i)/2m)dt- Therefore, 

Dhdw^{m)t = 2'^Dh{w]^i2m - W(Li)/2™)^''^ = 2"(A;z/2™ - k(i_i)/2^)dt = dk{m)t. 
From this, we see that 

Dhxiw^'imyh = Mt [ M;^a{<p'i)Dndw''{m)s = Mt [ M:^a{<Pl)dk{m), = x(A;(m)),. 
Jo Jo 

Since ||A;(m) — k\\q^^ar as m — )■ oo and k i— )■ x{k) is bounded hnear from Cq'^"'^ (IV^) to 
Cq~™'^(R''), \\x{k{m)) — x{k)\\q-var as m — t- oo. (It is possible to replace q with g — e for 
sufficiently small e > so that k G (^('J-e)-!'^'- g|.-jj ];iolds.) In a similar way, 

^D,ri(«;^(m),w7^(m))i = [ M^^j Va(0°)(D^xKM)s, rfw^^'M,) 
^ Jo 

+Va(0O)(x(w^(m))„D,dw^(m),)} 

= Mt [ M7i{Va(0°)(x(A;(m))„dw^(m),) 
Jo 

+Va(0O)(x(w^(m))„dA;(m),)} 

= V,{k{m),w''{m))t. 

Since \\w^{m) — w^\\p-yar — ?■ as m — )■ oo almost surely and in L'''{fi) for any r > (see 
[29]). {l/2)Dfy2{u]^{rn),w^{m))t Vi{k,w^)t almost surely and in L^. Finally, 

{l/2)D~^DhV2{w''{m),w''{m))t = V,{k{m),k{m))t, 

which is non-random and clearly converges to Vi{k, k)t as m — > oo. I 

Proposition 5.2 Let Vi be as in lji4-6[ ) and consider Vi{w^{m),w^{m))l, which is re- 
garded as a function of b = (&t)o<t<i- Here, i denotes the ith component (I < i < n). 
Then, for each fixed t, Vi{w^ (m) , {m))l converges almost surely and in L'^{^) as 
m — )■ oo. More precisely, 

lim Vi{w"{m),w^{m))i = ei + Ai. 

m—^oo 

Here, Q\ is an element in C2(/u) which corresponds to the symmetric Hilbert- Schmidt 

bilinear form Vi{U»,U»)\ and t AJ = limrn^oo E\y\{w^ {'fTi),w^ {rn))]\ is of finite p- 
variation. 
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Proof. First note that Vi{x,x) has a rough path representation. Recall the (stochastic) 
Taylor expansion of Ito map (14. ip around 7. Then, Vi{x,x) is calculated in computation 
of the second Taylor term. There is a continuous map V : Gflp(R'^) — )■ GQp{Ii"') such 
that Vi{x,x) = V'{XY for all x G Cg~^"^ (R'^). Here, the superscript means the first level 
path and X G GQp(R'^) is the lift of x. Moreover, since the integral that defines Vi or V 
in (14. 6 p is of second order, V has the following property; there exists a constant c > 
such that, for all X,Y e GQp(K'^), 

\\V'{XY\\p_,ar < c{l+aXf), 

[P] 

\\V\XY -V'{YY\\p_,ar < cil+^iXy)Y,W - y'\\p/j-var. 

i=i 

Here, ^{X) = ^fli \\-^''\\l!/j-var- From this, almost convergence of Vi{w^ {m) , {m)) = 
V'{w^{m))y to V'{W^)y is obvious. 

It is shown in [9J that E[\\W^{my -W^'^\\ p/j-var] — )• as m — >■ 00. From Proposition 
13.31 sup„ -E'[||iy-'^(m)'' < 00 for any r > and 1 < j < [p]. Then, we easily see 
from these and Holder's inequality that 

EiWriW^'im))' - V'iW^)'\\l^J ^0 as m ^ 00. 

This implies the L^-convergence. Since V'{W^) = Vii^^ {m),w^ {m)) is a 

CP-'"'"(R")-valued random variable, \\E[V'{W")%p^.,ar < E[\\V'{W"Y\\p.^ar] < 00, 
which shows that A is of finite p-variation. 

By Lemma [5.11 and the closability of the derivative operator D in L^(/i), 

^D^ViW"")'/ = V,{Uh,w'')l, ^Df^D,V\W''Y/ = V,{UKUh)\. 

where the superscript i denotes the ith component of R". These equality imply that 
V'{W^)Y - E[V'{W^)Y] is in C2 which corresponds to Vi{U; U»)\. I 



Lemma 5.3 Let p' > p and F : Gq ^"'^(R") be a Frechet differentiahle function. Let 
Qt= lim Vi{w^{m),w^{m))t- E[lim Vi{w^ {m),w^ {m))t] 

be as in Proposition \5.2[ Then, VF{(f)^){Q) G C2{fi^) which corresponds to the symmetric 
Hilbert- Schmidt bilinear form VF{(f)^) oVi = V-F(0°)(Vi(«, •)) on T-L^ . 



Proof. Denote by qk the element of C2(/i^) which corresponds to a symmetric Hilbert- 
Schmidt bilinear form (or equivalently, operator) K and set 

M:={ae Gl-'^^Hry I a(<d{w)) = gaov^{w) a.a.w; (/x^) }. 
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Obviously, M is a linear subspace. Moreover, from Lemma M is closed under weak*- 
limit. By Lemma [5. 2 [ the evaluation map evj (t G [0, 1], 1 < i < n) defined by evj(?/) = yl 
is in M. Denote by : Cq~'""'(R") — > Co~*'"^(R") be the projection defined by n{m)y = 
y{m), where y{m) is the mth dyadic piecewise linear approximation of y G Cg~^"'^(R"). 
Note that VF{(f)^){7r{m)y) can be written as a linear combination of (1 ^ ^ ^ 

2"^, 1 < i < n). Hence, VF{(f)^) o7r(m) G M. Since p' > p, y(m) — )■ ?/ in p'- variation norm. 
This implies that VF(0°)o7r(m) VF(0°) in the weak*-topology. Hence, VF(0°) G M. 
I 

Let Ai be a self-adjoint Hilbert-Schimidt operator on which corresponds to 

VF(/)(Fi(.,.)). 

Then, A — Ai is a. self-adjoint Hilbert-Schimidt operator on Ti^ which corresponds to 

VF{^'){V,i.,.)) + lv^F(0°)(x(.),xH)- 

Obviously, this bilinear form extends to a one on Cq~^"^(R'^) and, hence, is of trace class 
by Goodman's theorem. See (14. 6 p for the definition of Vi, V2. Combining these all, we see 
that 

extends to a continuous map on G'^7p(R°') and we denote it by {AX, X) for X G GflpilV^). 

Lemma 5.4 Let a > 1 be such that Idy^H + aA is strictly positive in the form sense. 
Then, 

E[exp{-a{AW",W"))]= [ exp{-a{AX, X))¥^ (dX) < 00. 
In particular, e~^^''*^ is in L'' (Gilp(Il^) for some r > 1. 

Proof. As a functional of , {{A — Ai)W^ , W^) is a sum of Ty[A — Ai) and the second 
order Wiener chaos corresponding to A — A^. From Proposition 15.21 and Lemma 15.31 
{AW^ , W^) is a sum of a constant Tr(yl — Ai) + V-F(0°)(A) and the second order Wiener 
chaos corresponding to A (which is denoted by Qa below). By well-known calculation, 

E[e-"®^] = det(Id^.^ + aA^^^^, 
where det2 denotes the Carlman-Fredholm determinant. I 
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6 A proof of Laplace approximation 

6.1 Large deviation for the law of as e \ 

In this section we prove the main theorem (Theorem 12.11) . Let be a solution of RDE 
(13. 4p . The law of {Y'^Y = V^'^ is the probability measure on Cq~"'"'(R") for any p > 1/H. 
Then, by Theorem 13.11 and Proposition 13.61 we can use the contraction principle to see 
that the law of {5^^'^}e>o satisfies large deviation as e \ 0. The good rate function is 
given as follows; 



I inf{||A;||^H | y = %{k, XY} (if y = %{k, \y for some k G n") 
oo (otherwise) . 



Here, is the Ito map correspondng to RDE (13.41) and \t = t. For a bounded continuous 
function F on Co~''°'^(R"), it holds that 

limlogE[exp(-F(F^'^)/e2)] = -mi{F{y) + I{y) \ y e Cl'^'{Rn}. 

Now, let us consider Laplace's method, i.e., the precise asymptotic behaviour of the 
following integral 



E[exp{-F{Y''^)/e^)] = I exY>{-F{^,{eX,Xf)/e'^)¥"{dX) 

= [ exp(-F(<l,(X,A)^)/e2)Pf(rfX) 



Gnp(R<*) 

as £ \ under assumptions (HI)- (H4). 

Let 7 e T-L^ C CQpCR"^) be the unique element at which F{^q{ ■ , A)) + || ■ ||^h/2 attains 
minimum (Fa (7) =: a) as in (H2). By a well-known argument, for any neighborhood of 
O C GQpilV^) of 7, there exist positive constants 6, C such that 

/ exp(-F(l',(X, A)^)/£2)pf (dX) < Ce-("+^)/^', e G (0, 1]. 

JO'' 

This decays very fast and does not contribute to the asmptotic expansion. 



6.2 Computation of 

In this subsection we compute the first term ao in the asymptotic expansion when G = 
1 (constant) and show ao > 0. To do so, we need the (stochastic) Taylor expansion 
(Theorem 13. 2p up to order m = 2. Once this is done, expansion up to higher order terms 
can be obtained rather easily. 
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For p > 0, set Up = {X e GQp(R'^) \ ^(X) < p}, where ^ is given in ([32D. Then, 
taking = 7 + Up, we see from the theorem of Cameron-Martin type (Proposition 13.51) 
that 

/ exp(-F(<l,(X,A)i)/e2)Pf(rfX) 
J-y+Up 

= exp(-F(<l,(X + 7,A)i)/.^)exp(-l(7,Xi)-^||7||^.)Pf(rfX) 

= / exp(-^^-i(7,X^)--L||7||?,.)P^TO. (6.1) 

J{^{eX)<p} EE IE 

As we will see, (7, ■ ) extends to a continuous linear functional on Co~^"^(R'^) and in 
particular everywhere defined. 

For sufficiently small p (i.e., p < po for some po), 0*-'^'' is in the neighborhood of (\P as 
in Assumption (H3). So, from Taylor expansion for F, 

F(0(^)) = F(0°) + VF(0°) - 0°) + ^ V2F(0°) - 0°, 0(^) - 0°) 

+- / dev^F(e(f)^''> + (1 - ^)0°)(0(^) - 0°, 0(^) - 0°, 0(^) - 0°) 

6 Jo 

= F(0°) + VF(0°)(e0i + 5^') + ^V2F(0°)(e0\50i) + Ql 

Here, the remainder term satisfies the following estimates; there exists a positive 
constant C = C(po) such that 

\Ql\ < C{e + ^{EX)f on the set {^{eX) < po}. (6.2) 

Note that C is independent of the choice of p (p < po). 

Now we compute the shoulder of exp on the right hand side of ( 16. ip . Terms of order 
—2 are computed as follows; 

-^(W°) + ^ll7ll?..) = -J. 

Since k G Ti^ 1— )■ F($o(/i:, A)) + ||/c||^h/2 takes its minimum at /c = 7, we see that 

(fc,7)H- + VF(0°)(x(A:)) = O, 

where x(^) is given by (14. 3 p or (14. 4p . By (14.40 and the Young integral, k VF(0°)(x(/i;)) 
extends to a continuous linear map from Cq~^"''^ (R'^) and so does (7, Hence, the 

measurable linear functional (i.e., the first Wiener chaos) associated with 7 is this con- 
tinuous extension. An ODE for 0^ = 0^(/c) is as follows; 

dcPl - Va(0°)(0^ d^t) - V,/3(0, 4M)dt = a{<f,)dh + V,/3(0, 0°)cit, 0j = 0. (6.3) 
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Note that both 0^ and x extends to a continuous map from GVLp{Rf'). The difference 
9] := — Xti^) is independent of X (i.e., non-random), of finite variation, and 

satisfies 

de] - Va(</.?)(^^ d^t) - V,/3(0, (jy',){9l)dt = V,/3(0, 6^ = 0. (6.4) 
Hence, terms of order —1 are computed as follows; 

-i(Vn/)(^') + (,..Y.))^-^M 

Now we compute terms of order 0. The second term 0^ in the expansion in Theorem 
13.21 satisfies the following ODE (see [IT] for example); 



1, 

1. 



Va(0O)(0^dX) + -VV(0°)(0^0^rf7i) + -Vj/3(0?)(0j,0,^)cit 



+V,V,/3(0?)(0,i)dt + -V,2/3(0, 0O)rft, 02 ^ Q_ (5 5) 

Let X and ip be as in f l4.3p and f l4.5p . respectively. By the same argument for (stochas- 
tic) Taylor expansion (Theorem l3.2l) . those extend to continuous maps from GQp(R'^) and 
we write x(^) and ^/'(X) = ^(X,X). If we set 9'^{X) := ^^(x) - ^(X), then satisfies 
the following ODE; 

de^ - Va{<j>'i){el d^t) - V,/3(0, 0?)(^,2)cit 
= Va(0°)(e^dX) + ivV(0?)(^^^^^d7*) + VV(0°)(e^Xt,rf7t) 

+^v;/3(0°)(^^ el)dt + vJ/3(0?)(^,\ 

+V,V,/3(0°)(^,i + ^V,2/3(O,0°)rft, el = 0. (6.6) 

Therefore, 9^ is of first order, that is, for some constant C > 0, \\0'^{X)\\p_yar < C'(1+^(X)) 
holds for any X G G'i7p(R'^). In particular, by the Fernique-type theorem (Proposition 
13. 3p . (a constant multiple of) 6'^ is exponentially integrable. 

Hence, terms of order on the shoulder of exp on the right hand side of 06.10 is as 
follows; 



1, 



1. 



VF(/)(02) + -V2F(0°)(0\0i) = ^VF(0°)(V^) + -V2F(0°)(x,x)J +VF(0°)(02) 

+^V'F{<p'){9\9') + V'F{^^){9\x) (6.7) 

Note that the last three terms on the right hand side are dominated by C(l + ^{X)) 
and that the first term is '0(X, X) = (AX, X) as in Lemma [5.41 By Proposition 13.31 and 
Lemma 15. 4^ 

exp(^-VF(0°)(02) - iv2F(0°)(0\0i)) e r{Gnp{R'^),F^) for some r > 1. 
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We easily see that, if e < p. 



< exp(-VF(0O)(02) - iv2F(0°)(0\0i)) exp[2p(l + e(X))^] 



(6.8) 



Note that if p > is chosen sufficiently small, then the right hand side is integrable and 
independent of e. (We determine p, here.) So, we may use the dominated convergence 
theorem to obtain that 



By Lemma [531 the right hand side exists. Thus, we have computed (the asymptoitcs of) 
(16. ip up to Oq. 

6.3 Asymptotic expansion up to any order 

In this subsection we obtain the Laplace asymptotic expansion up to any order. Since 
this is a routine once ao is obtained, we only give a sketch of proof. 

By combining the (stochastic) Taylor expansions for F,G, and (p^^\ we get 



can easily be expanded. Note that = e^Tf + ■ ■ ■ + e^r^" + Q^^^ ■ Thus we have shown 
the main theorem (Theorem 12.11) . 

7 Fractional order case: with an application to short 
time expansion 

In this section we consider an RDE, which involves fractional order term of e. As a result, 
fractional order term of e appear in the asymptotic expansion. By time change, this has 
an application to the short time problems for the solutions of the RDE driven by fBrp. 





From this we see that 




X exp (- VF(0°) {<f) - i V2F(0°) (0\ 01)) exp(-g3/e2)p^^(rfX) (6.9) 
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Let H e (1/4, 1/3) U (1/3, 1/2). For simplicity, we consider the following RDE; 

rfF/ = a{Y^')edXt + e^'^ p{Y^^)dt, = 0. (7.1) 



Here, a is as in Theorem 12. H but we assume that a C^-function (3 : R" — )■ R"" and the 
drift term is of this special form in this case. Set I3{€,y) = e^^^ f3{y). We also consider 
the following RDE, which is independent of e; 

dVt = aiyt)dXt + P{Vt)dt, Vo = 0. (7.2) 

Basically, when we introduce randomness, we always set X = in (17.11) and (17.21) . 
Then, by the scale invariance of (see Proposition 18.11 below). {V^i/Hg ^i/H^)o<s<t<i 
and (l^/Jo<s<t<i have the same law. In particular, for each fixed T e (0,1], the Re- 
valued random variables V^rp and {y^")oi have the same law. Therefore, the short time 
asymptotics for V^^^ is related to the small asymptotics of {Y'^y. 
Let us fix some notations for fractional order expansions. For 

^ = {^i + TF I ni,n2 = 0,1,2,...}, 
II 

let = < < /«2 < ■ • ■ be all elements of M in increasing order. More concretely, 
leading terms are as follows; 

{ko,KuK2,...) = (0,l,2,-i,3,l + -i,4,2 + l,5A-|,...), if G (1/3, 1/2), 
{ko,k,,K2,...) = (0,l,2,3,-^,4,l + -i,5,...,), if i/e (1/4,1/3). (7.3) 

As in the previous sections we write Y^ = ^^{eX), Y^ = ^^(eX + 7), and 0^ = {Y'^y 
for the solution of (17. ip . By slightly modifying Theorem l3.2[ we can prove the (stochastic) 
taylor expansion (around 7) for 

In this case, 0° satisfies the following ODE (in g- variation sense); 

= a(0O)ci7i, 00 = 0. (7.4) 

Remark 7.1 Although {d/de)"^\i;=o does not operate on the right hand side of the follow- 
ing (formal) ODE 

= a(#)rf(£Xi + 7) + £^/^/3(#)rft, = 0, (7.5) 

the proof of expansion in fll^ , which is similar to Azencott's argument in 141 > does not 
use e-derivative and can be easily modified to our case. 
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Roughly and formally speaking, the proof goes as follows. First, combine 



- 0° = e''^(f)^^ + ■■■ + + • • • 

and the Taylor expansion of a and f3 around 0°. Next, pick up the terms of order am {ra = 
1,2, . . .). Then, we obtain a very simple ODE of first order for cf)^"^ recursively. This, in 
turn, can be used to rigorously define cf)^"^ . In the end, we prove growth of the remainder 
term is of expected order. (This part is non-trivial and requires much computation.) Note 
that this method can be used both in integer order and in fractional order cases. 

In the same way as in the previous sections, we have the following modification of the 
main theorem (Theorem I2.1I) . 

Theorem 7.2 Let the coefficients cr : R" Mat(n, d) and /3 : -)■ R" &e and 
consider the RDE ([7J]j with X = , where H e (1/4, 1/3) U (1/3, 1/2). Then, under 
Assumtions (HI) - (H4), we have the following asymptotic expansion as e \ 0; there 
are real constants c and aKo(= cto); c^kd Q^K2' • • • ■^^^^ ^^'^^ 

E[G{Y''^)exp{-F{Y''^)/e^)] 
= exp(-FA(7)/£2) exp(-c/e) ■ {a^, + a^,e^' + ■■■ + a^^e""- + 0(e'^'"+i)) 

for any m > 0. 



Remark 7.3 R is important to note that, in (7^), indices up to degree two (i.e., kq, Ki,K2) 



are the same as in the previous sections. The most difficult part of the proof of Theorem 
\2.1\ is obtaining (or checking that G (0, oo) when G = 1), in which the (stochas- 
tic) Taylor expansion of (f)^'^^ up to 0^ is used (see Subsection \6. 2) . Therefore, the proof 
in Subsection \6.2\ holds true without modification in this case, too. Higher order terms 
are different in the fractional order case. But, the argument in Subsection 1 6'. 51 is sim- 



ple anyway and can easily be modified. Thus, we can prove Theorem \7.S\ without much 
difficulty. 

As a corollary, we have the following short time expansion. In the following, evi 
denotes the evaluation map at time 1, i.e., evi(x) = Xi for an R"-valued path x. 

Corollary 7.4 Let the coefficients a : R" — )■ Mat(n, rf) and /3 : R" — )■ R" 6e and 

consider the RDE (fOj above with X = , where H e (1/4, 1/3) U (1/3, 1/2). Let f 



and g be real-valued -functions on R" such that F := f o evi and G := g o evi satisfy 
Assumtions (HI) - (H4). Then, we have the following asymptotic expansion as t \ 0; 
there are real constants c and q;ko(= cto): cxni, olk^-, ■ ■ ■ such that 

^9iVo]t)exp{-f{V,\)/t'^)] 
= exp(-FA(7)/t2^^) exp(-c/t^) ■ « + d.^t''^^ + ■ ■ ■ + + 0(t'''"+^^)) 

for any m > 0. 
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Remark 7.5 Very roughly speaking, in l31^ . they studied the sort time asymptotics of 
the following quantity under mild assumptions; 



If f is identically zero in Corollary l.J\ then it is somewhat similar to the short time 



problems studied in [31^ . (It does not seem to the author that either J5l ISl^ or the 
Corollary \7.4\ implies the other.) 

8 Appendix 

8.1 The "shift" and "pairing" of geometric rough paths 

In this subection we recall the shift and pairing of geometric rough paths. Let 2 < p < 4 
and 1 < q < 2 with 1/p + 1/q > 1 and let V and W be finite dimensional Banach space 
(all the results in this subsection hold in infinite dimensional settings, too, if norms on 
the tensor spaces are appropriately chosen). 

For x,k e Co^"'"'''(V), the shift of X e Gl^p(V) (i.e., the lift of x) and k is naturally 
given hj X + K e GQp{V) (i.e., the lift oi x + k e Co^-™"(V)). Thanks to the Young 
integral, this extends to a continuous map 

GQpiV) X cy^'iV) 3 {X,k)^X + K e GQpiV). 

Similarly, for x G C^-'"''{V) and k G Co^"™"(W), the pairing X G Gfip(V) and k is 
naturally given by (X, K) G G'fip(V © W) (i.e., the lift of (x, k) G C^""'''{V © W)). This 
also extends to a continuous map 

GQpiV) X Co'-™'^(W) 3 (X, k) ^ (X, K) G GQpiV © W). 

In the following we briefly prove these two facts. Since they are very similar, we prove 
the latter case only. The first level path is clearly (Xj^,i^]j). When, X,K are smooth 
rough paths, the second level path are given by 



r 2 A 

i^u ^s) ® dku, / {ku kg) ® dxu, K s,t ) 



By using the Young integral, we see that these integrals naturally extend and that the 
second, the third, and the fourth components are of 1-variation finite. 

Now we consider the third level path. (1, 1, 1) and (2, 2, 2)-components are clearly X^^ 
and Kl^, respectively. (1, 1, 2)-component is given by jl X^„ ® dku, which extends to the 
Young sense since u i— )■ X^^ is of finite p- variation by Chen's identity. (1, 2, l)-component 
is given by 

dxu^ © dku2 © dxuz = [ (^«2 - a^s) © dku A © dxuz- 
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This also extends to Young integral (twice). 

(2, 1, l)-component is most complicated. If x, k is (piecewise) C^, then 

t /•U2 pt /•U2 /•U2 , 

OS OS OS 

On the right hand side, integration is over {s < Ui < U2 < t, s < t < U2 < t}. But, 
modulo Lebesgue measure-zero-set, this set is equal to 

{s < T < Ul < U2 < t} U {s < Ul < T < U2 < t} (disjoint union). 

Therefore, 

t pU2 pT 

I I dku^ ®) dxr ® dxu2 

s J s J s 

t /•U2 ft ^ fU2 

2 



{ku2 - ks) ® c^^,,„2 - j yj dku, ® {xu, - Xs)j ® dxu2- 

In a similar way as above, integrals on the right hand side extend to the Young sense. 
For general x and k, one should just take limits. 

The proof for remaining components, namely, (1, 2, 2), (2, 1, 2), (2, 2, 1), are easier and 
omitted. Note that all the /)-components except (1, 1, 1) is of finite 1- variation. 



8.2 The scale invariance of fractional Brownian rough paths 

In this subsection we prove the scale invariance of fBRP. Since construction of fBRP is 
related to the dyadic partition of [0, 1], this is not so obvious from the scale invariance of 
fBm. 

Let {wf^)o<t<i be the d- dimensional fBm with Hurst parameter if G (1/4, 1/2] and let 
< c < 1. It is well-known that {c~^w^^)Q<t<i and have the same law. A similar fact 
holds for the law of fBRP = {W^")o<s~<t~<i- 

Proposition 8.1 Let H e (1/4,1/2]. Then, for any < c < 1, {c~^W^^^)o<s<t<i and 
have the same law. 

The rest of this subsection is devoted to proving of Proposition 18.11 Let us generalize 
the (semi)norm -Dj,p. Fix an integer K > 2. For each sequence of integers {'r]i,'r]2,V3y ■ ■ •) 
such that 2 < ?7j < K for all i, we set M„ = riiri2 ■ ■ ■ rjn- We consider the following 
partitions of [0, 1]; 

Q„ = {0 = < < ■ ■ ■ < < t2f„ = 1}, where t^ = k/M^. 

Clearly, Q„ C Qn+i for all n and the mesh tends to zero as n — )• 00. When K = 2 and 
rji = 2 for all z, these are the dyadic partitions. 



32 



Given such a sequence Q = {Qn}n=i,2,... of partitions, we define (semi)norms by 

OO Mn -I 

n=l 1=1 

for 7 > p - 1 and 1 < J < [p]. When F = 0, we write D^^iX) = D^p{X, 0). 

By using these generahzed (semi)norms, we can estimate p- variation norms as in (13.81) . 
Note that the constant c in the next lemma does not depend on the particular choice of 
Q = {Qn}, but only on K. 

Lemma 8.2 Let Q = {Qn} and D^^ be as above. Then, there is a positive constant 

c = c{K,p,'j) such that inequaliites in \3. 8^) hold for D^^ and c = c{K,p,'y), instead of 
Dj,p and Ci . 

Proof. We omit a proof because we can prove this lemma by just modifying the dyadic 
case (pp. 61-67 [28j). I 

For a partition P = {0 = to < < • • • < = 1} and w G Co(R'^), we denote by 
w(V) the piecewise linear approximation associated with respect to V, i.e., w(V)ti = "^u 
for all ti E V and linear on each subinterval 

Lemma 8.3 Let 1/4 < H < 1/2, p < 1/H and = (w^)o<t<i be a d- dimensional 
fBm. Let K > 2 be an integer. Set rji = K and r/j = 2 for all i > 2 and set Mm = K2^~^ 
and the partition Q^ as above. Then, W^{Qm) converges almost surely in ^^^(R'^) and 
the limit limm-j^oo W^{Qm) is the same as fBrp (i.e., the limit when K = 2) for any K . 



Proof. When K = 2, the partition is called dyadic and the definition of fBrp associated 
to this particular partition. Let K > 3. If we restrict w^{Qm) on each subinterval 
[{i ~ 1)/K,i/K] (1 < z < K), then the same argument holds as in the case K = 2. One 
can verify convergence on the whole interval [0, 1] by using Chen's identity. Hence, we 
have only to show that the two almost sure limits are the same. 
Set, for convenience, 

r 1 2 2"* - 1 , 

= {0 < — < — <■••< < 1}, 

^™ I- 2™ 2"* 2'" 

n - in ^ ^ ir-2™-i-l 

Qm - |0 < ^ . 2^-1 ^ K ■ 2"-^ < ■ ■ ■ < 2m-i ^ J ■ 

We will show that W^{Qm) and W^{Qm+i) have the same limit. Now, for given m, set 
TZi = Qi ioT 1 < i < m and TZi = Qi for i > m. In other words, TZ^m) = {JZ{m)i)i=i^2,... 
corresponds to (r/j)i=i,2,... such that r/m+i = K and rji = 2 for alH 7^ m + 1. 
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We will use Lemma 18.21 for this partition TZ{m) and mimick the proofs in Sections 
4.2-4.5, [28j. It is clear that the limits of the first level paths coincide. Moreover, it is 
easy to see that 



1 N(ftp-l)/2 



E[Dllr\w"{Qrr.)y]+E[Dilr\w^{Qrr.^^yy] < Cj2^^'(^y'~' <Ci8.3) 



n=l 



for some positive constants C = C{K,p, 7, d), which may depend only on K,p, 7, d. Here, 
and below, the positive constant C may change from line to line. 

Now we consider the second level paths. Let n > m. Then, for j = 2, 3, 



^ j\\M{m) 



•4) 



where (t'^)k and (t™)z are partition points of 7l{n) and 7l{m), respectively, and k and / 
are such that C [tl!^^!,^!"]- using this, we can show the following in the same 

way as in p. 77, [28j : 



M{in)n 



|P/2' 



< c 



1 N {ph-l)/2 



k=l 



.5) 



The case n < m is a little bit more complex. Set IJ! = [t^^i,t^] and A^^'^^w^ = 
wjL+i - wjL+i = W^{Qm+i)]m+i .m+1, etc. As in Lemma 4.2.1, p. 71, [28], we can show 



that 



k — 1 ' k k — 1 ' k 



From this and pp. 79-82, |28], we see that 



E 



Hi 



|P/2' 



from which we see that (18. 5 p holds for m > n, too. From (18. 5p . we obtain 



1 N(hp-l)/2 



Combining this with Lemma [8.21 and (18. 2p . (18. 3p . we obtain that 

E[||iy^(Q^+i)' - W''{Q,n)Yj/l-vJ ^0 as m ^ cx). 
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(8.6) 



Note that, in the same way as in (18. 6p . we can prove that, for any m' (1 < m' < m — 1), 
the following inequality holds; 

From this and the triangle inequality, 

E[z^JM(H.^(Q^)2)P/2] +^[Df;^\w^{Q^^,)y] < C (8.7) 
Finally, we consider the third level paths. In this case, 3<l/if<p<4. When 



n > m, we can use (18. 4p for j = 3 to obtain 

M(m)„ 



J2 E[|W-^(Q„+i)|_,,t^ -^^''(Qn.)!,^,^ 



p/3" 



fc=l 



< CI 



for n > m. 

For n < m, first note that, as in p. 72, [28] . 



fc — 1 A: J / J 



6^ ' 3 



O 



- - V A>^ ® A^w^ ® A^w^ 
6 

- - V A5"^i;-^ (g) A"^w^ ® AI"w-^ 



r<u<l 
1 

6 



^ ^ A>^ ® A>^ ® A>^, 



rjMi/idistinct 



where the indices run over all r,u,l such that 1^,1^, IJ^ C additionally holds. A 
similar equality holds for {Qm+i)f^,__ too. 

Now we set several motations. Set Ki = Ki{k) by 

^1 = ^ E ( E A^"^+i^^ ® A^+^ii;^ ® A^+ V 
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where the sum inside runs over all ^, ^' such that ^ < ^' and J^"*" C I"^^ C //" for 
given /. There are K{K — l)/2 such pairs of < ^'). Simlarly, 

^2 = ^ ( A^+^w^® A^+^w^® A^+^w^), 



] E ( E 

■5 E ( E 

i E ( E 

i E ( E 



A^+^w^ ® A^+^w;^ (g) A^+^w^ ) , 



In a simlar way, we set 



K 



10 



1 

2 



E f E 



r<l;I^,IJ^Cl: 



1 
2 



A>^ ® (A^+^w^ A'lf+^w^ - A'^+V ® A^+^w^) 

E \ E 



(A^+^u;^ ® A^+^i/;^ - A^+^w^ ® A™+^w;^) ® A^ 
( E A^+^ti;^® A^+^u;^® Ap+^u;^), 

5Z ( 5Z A^+^ti;^ ® A^+^ii;^ ® A^"^+iu;^ 



where in the sum on the right hand side of Kiq, the indices run over all distinct C,, C,', C," 
such that C ir. 

Then, in the same way as in pp. 72-73, [28j, (which, however, is not so easy as it may 
seem), we obtain the following; 

k — 1 ' k k — 1 ' k 

Note that Kg, Kio do not appear in the dyadic case (i.e., the case K = 2). 
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In the same way as in pp. 86-88, [28] (although it contains a few typos, it is basically 
correct), we have the following estimates; 



E[\K,\'] < C2"-"(— ) , (1<^<6) (8.9) 

^Kil^] < C2^""'''^^^^^^^ [-^y^ (7<i<8) (8.10) 



By the Wick formula for six centered Gaussian random variables and eq. (4.53) in p. 
85, |2B], we can estimate the moments of Kg, Kiq just like that of Ki and obtain fl8.9p for 
i = 9, 10, too. From dHS]), f lHlOj) and the fact that p/i - p + 3 > 0, we obtain ([HID for the 



case n < m, too. 



From (113]), Lemma 6.2, ([Hj]), dEB, we see that 



and that 

w r II u/'H'i'n A3 _u/Hfr^ 

--mj \\p/3—var 

This completes the proof. I 



E[\\W''{Qm+if - W^'iQjYj'] ^0 as m ^ oo. 



Proof of Proposition \8.1\ It is sufficient to prove the proposition for rational c. We may 
assume c = L/K for positive integers K, L with K > L. 

First, instead of [0, 1], let us regard [0, c] as the whole interval. Let 

^ c 2c (2"-l)c 

= {o< — < — <...< ^ ^ < c}. 



^ c 2c (L- 2"~i - 1 c 
p„ = |0 < < < ■ ■ • < ^ < c}. 



Then, by using a trivial modification of Lemma 18. 3[ we easily see that 
lim W"{Vn) = lim Vr^(P„), on [0, c] -interval. 

n— >oo n— >oo 

Second, we use Lemma [8.31 on the interval [0, 1] for the partitions 

1 2 2*^ — 1 
= {0 < — < — <...< < 1}, 

I- 2" 2" 2" 

1 2 • 2""-'^ — 1 

2n = {o<f:^<z:2^<---<^:2^<'^ 

to obtain 

{W^ :=) lim Ty^(Q„) = lim W^{Qn), on [0, 1] -interval. 
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Now, observe that Vn and Qn are the same partition. Combining them all, we have 

= lim W"{Vn), on [0, c] -interval. 

n— )-oo 

Set = c~^w^f. It is well-known that is again a (i- dimensional fBm. We consider 
the dyadic approximation of . 

Jim iy^(QO =ii^m (c-^W^^(n,).,,)„^^^^^^ = (c-^<,)„<,<,<,. 

As is explained, the left hand side is fBrp. Note that we used the following fact. For 
X E Cq^^^XR*^), set x{c)t = Xct- It is easy to see that Xcs,ct = X{c)s,t, where the right 
hand side is the lift of the time-changed path x{c). Thus, we have shown Proposition 18. 1[ 
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